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Abstract. In this paper we consider the two events that a random congruent copy of a convex
body meets each one of two given families of equidistant lines in the plane. The probabilities are
easily calculated. Then it is discovered that there aways exists a value for the angle o between the
nonparallel lines, such that the two events be independent. For convex bodies of constant width, and
only for them, the two events are independent for any «.
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1. Introduction

The idea of repeating Buffon’s experiment using other objects instead of a needle
is not new. Various special planar convex bodies have been investigated in the
literature; weshall consider herethegeneral case. Of course, to go beyond convexity
makes no sense, because only the convex cover is relevant to our problem (if the
object is supposed connected).

Among the particular cases already treated in the literature we mention those
of acircular disc [6], asector thereof [4], a segment thereof [3], a (not necessarily
symmetric) lens[3], and an ellipse [2].

Also, we follow the idea of considering not only one family of parallel lines
but two, and of studying the hitting probability for the resulting lattice and the
independency case of the two hitting events.

Consider a convex body (which means here a compact convex set) K C R. Let
R, beaset of equidistant parallel linesin R (at distance a) and R, another such
set of lines (at distance b), the two directions making an angle @ € (0, 7). The
objects of our investigation are the events I, I, that the random convex body K
— more precisely the random congruent copy of K — meets somelinein R,, Ry
respectively.

* This work was done during the second author’s visit at the University of Dortmund in 1996,
supported in part by the Heinrich—Hertz—Foundation of the Land of North-Rhine Westfalia.
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Let L(¢) be the width of K in direction ¢. We consider the following natural
condition.

Orgn(baér L(¢) < min{a, b}. (%)

All cells of thelattice R, U R;, are congruent to a parallelogram I1.

Let K bethe set of all convex bodies congruent with K and with their centroids
(just to make a choice) inside IT. We consider our convex bodies as uniformly dis-
tributed, in the sensethat the centroid as arandom variableis uniformly distributed
in IT and the random variable ¢ (the rotation angle) is uniformly distributed in the
interval [0, 27].

2. TheHitting Prabability

Our goal hereisthe calculation of the probability p = P(1, U I).
Let B bethelength of the boundary of K (counted twiceif K isaline segment).

THEOREM 1. If condition (x) is satisfied then

WL( (a+b)— /L ¢+ad¢>

Proof. If £ is the set of those convex bodies congruent with K which are
included in II, then

where 1 is the usual elementary kinematic measure in R.

Let IT4 be the set of the centroids of all trandates of K rotated with the angle
¢, included in II.

Clearly,

2
(k) = / dg / dody = 2790
0 (z,y)ell

SiNc.

Since the sides of 11, have lengths

a— L(¢) b—L(¢ + o)

Sna Sina
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we have
7 [ (a—L(¢)(b—L(p+ )
pie) = [ s o, Gy = / o dg
2mab a 2m
~ Sna  sna 0 L(¢ +a)dp —
b 27 1 27
g | L0+ 5 [T L@+,
Hence
2 2
p = > (a L(p+a)dp+b L(¢)dp —
mab 0 0

2

— | L(¢)L(¢+ ) d¢> :

0
Since L(¢) = L(¢ + w) and
"= [T Lo+ wds=28,
we get

:M< (a+b) — /L ¢+ad¢>

and the theorem is proved.

Remarks. By letting b — oo in Theorem 1, we find

P(Ia) = %7
the probability that the convex body K with L(¢) < a for every ¢ meets R, result
discovered by Barbier [1] not quite recently, namely in 1860.
For aconvex body K of constant width £ smaller than both « and b,

_ 1 2y _ k
p= E(B(a—i—b) — k%) = ab(a—i-b—i-k).
This extends the formula known for a circular disc of diameter &k ([7, p. 42]).
In the case of Buffon's experiment, as K is a line segment of length [ with
L(¢) =1|sin¢|, Theorem 1 gives

i[21(@ +b) — (sina + (37 — a) cosa)?],

p= mab
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which verifiesaresult from ([6, p. 55]).
For K anéllipse of half-axes¢, ¢, thewidthis L(¢) = 2,/£2sin? ¢ + (2 cos? ¢
and, by Theorem 1,

1
= (Bla+b) -
p mb( (a+)

—4/7r (€282 §-C2cos? ) (€2 Sin (¢ + ) +C2+ o+ ) d¢>,
0
which extends a formula known for the case « = 7/2 (see [2, p. 971]).

3. Auxiliary Material

In the last section we intend to treat the case of independency of the events I, and
I,. This section will provide the necessary technical basis.

Let f:R — R be aperiodic function, of period 27 /m, with m € N, such that
f|[0,27r] € Lz([07 271'])

PROPOSITION. Consider the equality

1 2m 1 2w
o | (D) f(@+a)dp = (g A f(¢)d¢>

2
27 I . (%)
(8) Asanequationin «, (xx) hasat least one solutionin [0, 7 /m].

(b) The equation (xx) hasthe solution « = O if and only if f is constant.

Proof. Let £, a,, "¢ bethe Fourier seriesof f. Thenthe Fourier series of the
function f (¢ + a) with the variable ¢ is > _a,, €"* &"?, and

flo.2x] € L*([0, 2x]) if and only if i |an|? < oo, )
1 27 1 27
o | F@O)f(@+a)d = o | f($)f(¢+a)dg
m™ Jo T JO
— Z |an|2eina‘ (2)

Moreover, we have

2 or 27
F()f (¢+ o —a) db= [ F(@)f($+a)de. 3
0 m 0



CONVEX BODIES IN BUFFON'S EXPERIMENT 305

Indeed, the periodicity of f yields

101 (042 o) g

2 2r—a
= [T r@rw—aw= [ et

0

0 2mr—«
_ /_af(tJra)f(t) dt+/0 F(t+ o) f(£) dt.

Asafunctionof ¢, f(¢ + «)f(t) has period 27, whence
0 2m
[ f(t+a)f(t)dt :/2 F(t+a)f(t)dt

mT—Q

and (3) follows.
Thus, (xx) becomes

Oo .
} : |an|2ema — |a0|2. (**/)
—00

Now (b) followsimmediately, becausefor o = 0 (x+') isequivalentto |a,|?> = 0
foralln #0,i.e f = ap.
From (1) and (2) it follows that the function

. 1 2n > .
W@ == | [ f(p+a)dp=>"|a, e

2 Jo

is continuous, and its Fourier series, whose coefficients are |a,,|?, converges uni-
formly to ». From (3) it follows that

u(€) = u(e@r/m)=a)y (4)

and from the periodicity of f it follows that
w(€F@T/m)y — (). (5)
_Toshow (a), let & betheharmonicfunctionin D = {z € C: |z| < 1}, continuous
23 .DT’ r\l/(\;ir:h u(e') = u(e?) (thesolution of Dirichlet’s problem with boundary data

1(0) = o [ () doc= - [ () da = foof
U _27rou a—zﬂou o = |ag|©.
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Since @ is continuous in D, it attains its absolute maximum and minimum on
the boundary, whence there are points a1, a € [0, 2] with

a(€*) < a(0) < a(e?),
in other words
u(eio‘l) < |ao|2 < u(emz).

From the continuity of v it follows that u(e/*°) = |ag|? for some o € [0, 27].
Then

o0
u(€?) = Y lan 6" = Jaol?

—0o0

whence ag isasolution of (xx').
From (5) it follows that (x«) hasasolution in [0, 27 /m/], and from (4) we see
that there is a solution evenin [0, w/m)].

Remark. Asthe above argument shows, the left-hand side of («x) isacontinuous
function of .. Then, by (b), it followsthat 0 cannot even bealimit point of solutions
of (xx) unless f is constant. Hence (xx) holds for arbitrarily small values of « if
and only if f isconstant.

4. Thelndependency Case

When are the events 1, and I, independent? The characterization of this caseisthe
aim of the next theorem.

THEOREM 2. Suppose condition (x) is satisfied. Then the events I, and I, are
independent if and only if

s BZ
| L@@ +aydp=—.
0 ™
Proof. The probability of 1,, I, happening simultaneously is
P(I,n1I,) = P(I,) + P(Iy) — P(I, U 1),

where P(1,) = B/(ma), P(I) = B/(wb) and p was computed in Theorem 1.
Thus,

P01 = = [T L)L + ) dp
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The events I, and I, are independent precisely when P(1, N 1) = P(1,)P(lp),
which yields the condition from the statement.

Remarks. The condition in Theorem 2 is verified for all angles « if K has
constant width. Hence, for sucha K and any «, I, and I, are independent. For the
case of acircular disc thiswas known (see[7, p. 43]). Is the condition in Theorem
2 verified for all « only if K has constant width? The answer is provided by the
next result.

THEOREM 3. If K has constant width then the events I, and I, are independent
for any angle «. If I, and I, are independent for arbitrarily small angles « then
K has constant width.

Proof. The width L of a convex body is periodic with period 7. Now, taking
f = L andm = 2, the theorem follows from the remark in the preceding section.

In the case of Buffon’s needle, when K isaline segment of length [, the condition
from Theorem 2 becomes

2

12/07r |Singsin( + )| dg = 2

T 7
which is equivalent with

™

/W_asingbsin(qﬁnLa) d¢—/ SnGsin(g + o) dp = .
0 «@ s

T—

Thisleads directly to the condition

. <7r > 4

Snha+ | - —«a ) COSa = —,
2 T

which is fulfilled by a single certain angle «, first discovered by Schuster [5] in

1974.
Again, anatural question arises. Isthe case of Buffon's needle singular or not?

THEOREM 4. For any convex body K thereis a nonvanishing angle « for which
I, and I, are independent.

Proof. If K has constant width then I, and I, are independent for al «, by
Theorem 3. Otherwise, there is an « for which I, and I, are independent by the
Proposition, part (), and « # 0 by its part (b).

For the reader’s pleasure we finish the paper with the following open problem.

PROBLEM. Characterize the convex bodies K, such that the angle «, for which
I, and I, are independent, be unique.
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